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We report our ﬁnal estimate of the b-quark mass from Nf = 2 lattice QCD simulations using Heavy Quark
Effective Theory non-perturbatively matched to QCD at O(1/mh). Treating systematic and statistical errors
in a conservative manner, we obtain mMSb (2 GeV) = 4.88(15) GeV after an extrapolation to the physical
point.
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(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
The masses of the quarks are among the fundamental param-
eters of the Standard Model (SM), and as such hold considerable
interest. Heavy quark masses, in particular, enter as parameters
in various perturbative predictions of interesting decay rates, e.g.
B → Xsγ or inclusive B → u or B → c rates. Such decays yield
useful constraints for the CKM matrix and, in principle, options to
obtain hints for physics beyond the Standard Model. It is therefore
desirable to minimize the uncertainty in mb entering these predic-
tions.
The b-quark mass also enters the prediction for the cross sec-
tion of the H → bb decay, which is the mode with the largest
branching ratio for an SM-like Higgs with a mass of 126 GeV. In
the future, tests of this coupling will help providing further char-
acterizations of the new boson.
* Corresponding author.http://dx.doi.org/10.1016/j.physletb.2014.01.046
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.The most accurate determinations of the b-quark mass reported
in the PDG review [1–25] come from comparisons of experimental
results for the e+e− → bb cross section to theoretical predictions
from perturbation theory and sum-rules.
Like each of these approaches, the ﬁrst-principles determina-
tion of mb from lattice ﬁeld theory has its own diﬃculties. Rela-
tivistic b-quarks cannot yet be reliably simulated on the lattice as
their Compton wavelength is much shorter than any lattice spac-
ing which can be currently reached in large-volume simulations. To
circumvent this limitation, two approaches have been used, viz. ex-
trapolating simulation results obtained in the vicinity of the charm
quark mass to the b-quark region [24–28], and the use of effec-
tive ﬁeld theories, such as NRQCD [29,30]. The approach of the
ALPHA Collaboration is based on Heavy Quark Effective Theory
(HQET) [31–34], which provides a description of heavy quarks in
the context of heavy–light mesons that can be employed in lat-
tice QCD simulations if the parameters of HQET are determined
by matching HQET to QCD non-perturbatively [35,36]. The match-
ing at order O(1/mh) has been performed in both the quenched
(Nf = 0) and the Nf = 2 theories by our collaboration [37,38]. Theunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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the Nf-dependence of the b-quark mass. We will further discuss
that in the conclusions.
In this Letter, we present our results for the mass of the
b-quark from simulations of non-perturbative Nf = 2 HQET. In Sec-
tion 2, we brieﬂy review the methods employed before presenting
the results in Section 3. Section 4 contains our conclusions.
2. Methodological background
HQET on the lattice constitutes a theoretically sound approach
to heavy quark physics by expanding QCD correlation functions
into power series in 1/mh around the static limit mh → ∞, which
is non-perturbatively renormalizable, so that the continuum limit
can always be taken.
Following the strategy described in [35,39] and previously ap-
plied to calculate mb in the quenched approximation [36], we
write the HQET action at O(1/mh) as
SHQET = a4
∑
x
{
Lstat(x) − ωkinOkin(x) − ωspinOspin(x)
}
, (2.1)
Lstat(x) = ψh(x)(D0 +mbare)ψh(x), (2.2)
Okin(x) = ψh(x)D2ψh(x), (2.3)
Ospin(x) = ψh(x)σ · Bψh(x), (2.4)
where the heavy quark spinor ﬁeld ψh obeys
1+γ0
2 ψh = ψh, mbare
is the bare heavy quark mass absorbing the power-divergences of
the self-energy in the static approximation, and the parameters
ωkin and ωspin are formally of order 1/mh and have been previ-
ously determined in [38]. The O(1/mh) terms in (2.1) are treated
as operator insertions in static correlation functions:
〈O 〉 = 〈O 〉stat + ωkina4
∑
x
〈
OOkin(x)
〉
stat
+ ωspina4
∑
x
〈
OOspin(x)
〉
stat (2.5)
for the expectation value of some multilocal ﬁelds O , where 〈O 〉stat
is the expectation value of O determined in the static theory.
A signiﬁcant improvement in the signal-to-noise ratio of heavy–
light correlation functions can be achieved by deﬁning the co-
variant backward time derivative D0 f (x) = ( f (x) − U †(x− a0ˆ,0)×
f (x − a0ˆ))/a in terms of a suitably smeared link instead of the
bare link U (x,0). Each smearing prescription constitutes a separate
lattice action; here we have employed both the HYP1 and HYP2 ac-
tions [40–42].
To reliably extract hadronic quantities, we have to pay partic-
ular attention to unwanted contributions from excited states. The
variational method, which has become a standard tool for analyz-
ing hadronic spectra in lattice QCD, starts from correlator matrices
C stati j (t) =
∑
x,y
〈
O i(x0 + t,y)O ∗j (x)
〉
stat,
Ckin/spini j (t) =
∑
x,y,z
〈
O i(x0 + t,y)O ∗j (x)Okin/spin(z)
〉
stat, (2.6)
for a suitably chosen basis of interpolating ﬁelds O i , i = 1, . . . ,N .
The main ingredient is to solve the generalized eigenvalue problem
(GEVP) in the static limit
C stat(t)vstatn (t, t0) = λstatn (t, t0)C stat(t0)vstatn (t, t0),
n = 1, . . . ,N, t > t0. (2.7)
Indeed, by exploiting the orthogonality property of the eigenvec-
tors(
vstatm (t, t0),C
stat(t0)v
stat
n (t, t0)
)∝ δnm
one can show that the O(1/mh) corrections to the energy levels
depend only on the static generalized eigenvalues λstatn (t, t0), the
eigenvectors vstatn (t, t0), and the O(1/mh) correlators C
kin/spin(t)
[43], in analogy with perturbation theory in quantum mechanics.
At large times t and t0 satisfying t0  t/2, the asymptotic be-
haviour is then known to be [43]
Eeff,statn (t, t0) = Estatn + βstatn e−E
stat
N+1,nt + · · · , (2.8)
Eeff,(1/m)n (t, t0) = E(1/m)n +
[
β
(1/m)
n − βstatn tE(1/m)N+1,n
]
e−E
stat
N+1,nt
+ · · · , (2.9)
with Em,n = Em − En . The time intervals over which we ﬁt the
energy plateaux are chosen so as to minimize the systematic error
from the excited states while keeping the statistical error under
control.
Finally, the mass of the B-meson to O(1/mh) is given by
(Ex ≡ Ex1)
mB =mbare + Estat + ωkinEkin + ωspinEspin (2.10)
and it remains to perform the chiral and continuum extrapolation
and to solve the equation mB(mh =mb) =mexpB by an interpolation.
3. Simulation details and results
3.1. Ensembles used
Our measurements are carried out on a subset of the CLS (Co-
ordinated Lattice Simulations) ensembles, which have been gener-
ated using either the DD-HMC [44–47] or the MP-HMC [48] algo-
rithm, using the Wilson plaquette action [49] and Nf = 2 ﬂavours
of non-perturbatively O(a) improved Wilson quarks [50,51]. An
overview of the simulation parameters of the ensembles used
is given in Table 1. In order to suppress ﬁnite-size effects, we
consider only ensembles satisfying mπ L > 4.0. The light valence
quarks are equal to the sea quarks, and the (quenched) b-quark is
treated by HQET.
In order to control the statistical error in a reliable fashion, we
make use of the method of [53] as improved by [52] to estimate
the effect of long-term autocorrelations due to the coupling of our
observables to the slow modes of the Markov chain, decaying as
∼ exp(−τ/τexp) in Monte Carlo simulation time τ . The propaga-
tion of these effects through to the continuum-extrapolated result
at the physical pion mass is carried out iterating the formulae
of [52].
3.2. Lattice spacings
The lattice spacings a, pion masses mπ and pion decay con-
stants fπ on the CLS ensembles used here are taken from an
update [54] of the analysis in [55] with increased statistics and
including additional ensembles. They read
a = 0.04831(38) fm at β = 5.5,
a = 0.06531(60) fm at β = 5.3,
a = 0.07513(79) fm at β = 5.2, (3.1)
and result from setting the scale via the kaon decay constant,
fK = 155 MeV. With the updated values of afK we follow the lines
of [55] and re-evaluate
L1 fK = lim [L1/a][afK] = 0.312(8) (3.2)
a→0
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Details of the CLS ensembles used: bare coupling β = 6/g20 , lattice spacing a, spatial extent L in lattice units (T = 2L), pion mass mπ , mπ L, number of conﬁgurations
employed, and number of conﬁgurations employed normalized in units of the exponential autocorrelation time τexp as estimated in [52]. Additionally, we specify the CLS
label id and the Gaussian smearing parameters Rk used to build different interpolating ﬁelds as described in the text.
β a [fm] L/a mπ [MeV] mπ L #cfgs
#cfgs
τexp
id {R1, R2, R3}
5.2 0.075 32 380 4.7 1012 122 A4 {15,60,155}
32 330 4.0 1001 164 A5
48 280 5.2 636 52 B6
5.3 0.065 32 440 4.7 1000 120 E5 {22,90,225}
48 310 5.0 500 30 F6
48 270 4.3 602 36 F7
64 190 4.1 410 17 G8
5.5 0.048 48 440 5.2 477 4.2 N5 {33,135,338}
48 340 4.0 950 38 N6
64 270 4.2 980 20 O7
Fig. 1. Illustration of typical plateaux for the ground state static energy (left panel) and the O(1/mb) chromomagnetic energy (right); the CLS ensemble shown here is N6
(a = 0.048 fm, mπ = 340 MeV).that is needed to convert the b-quark mass into physical units
later on. The length scale L1 originates from the non-perturbative
ﬁnite-volume matching step used to determine the HQET parame-
ters [38].
3.3. Basis of B-meson interpolating ﬁelds
Our basis of N = 3 operators is given by
Ok(x) = ψh(x)γ0γ5ψ(k)l (x), k = 1, . . . ,N, (3.3)
where ψh(x) is the static quark ﬁeld, and different levels of Gaus-
sian smearing [56] with a triply (spatially) APE smeared [57,58]
covariant Laplacian  are applied to the relativistic quark ﬁeld
ψ
(k)
l (x) =
(
1+ κGa2
)Rkψl(x). (3.4)
Our smearing parameters κG = 0.1 and Rk , collected in Table 1, are
chosen so as to use approximately the same sequence of physical
radii rk = 2a√κG Rk at each value of the lattice spacing. In extract-
ing our estimates for the energies Estat,kin,spin1 from the GEVP, the
time intervals [tmin, tmax] over which we ﬁt the plateaux are cho-
sen so as
r(tmin) = |A(tmin) − A(tmin − δ)|√
σ 2(tmin) + σ 2(tmin − δ)
 3, (3.5)
where A is the plateau average, σ is the statistical error, δ =
2/(EstatN+1 − Estat1 ) ∼ 0.3 fm, and tmax is ﬁxed to ∼ 0.9 fm. This
will assure that our selection criterion σsys  σ/3 is satisﬁed [59],
where σsys ∝ exp[−(EN+1 − E1)tmin]. An illustration of two typical
plateaux of Estat1 and E
spin
1 is shown in Fig. 1.
3.4. Determination of the b-quark mass
The mass of the B-meson to static order is given by
mstat =mstat + Estat (3.6)B barewhile the main formula at O(1/mb) was given in Eq. (2.10). The
HQET parameters mstatbare, mbare, ωkin and ωspin depend on the renor-
malization group invariant (RGI) heavy quark mass M (deﬁned
below) and the lattice spacing a. We parameterize this depen-
dence by the dimensionless variable z = ML1 and a, where L1 is
kept ﬁxed. It is implicitly deﬁned by the renormalized coupling in
the Schrödinger Functional (SF) scheme via g¯2(L1/2) = 2.989 [38].
Apart from a, the large-volume observables Ex depend on the light
quark mass which we parameterize through mπ . Thus mB,δ , com-
puted with discretization HYP1 for δ = 1 and HYP2 for δ = 2, are
functions of z, mπ and a. Their values are listed in Table 2.
Once mB,δ have been computed for a set of z spanning
a range of heavy quark masses containing the b-quark mass, we
perform a combined chiral and continuum extrapolation to ob-
tain mB(z,m
exp
π ) ≡ mB,δ(z,mexpπ ,0), using mexpπ = 134.98 MeV [1].
Considering that the O(a) improvement was performed non-
perturbatively but neglecting O(a/mb) effects,1 the NLO formula
from HMChPT reads [60]
msubB,δ (z, y,a) = B(z) + C
(
y − yexp)+ Dδa2, y ≡ m2π
8π2 f 2π
, (3.7)
where in
msubB,δ (z, y,a) ≡mB,δ(z,mπ ,a) +
3gˆ2
16π
(
m3π
f 2π
− (m
exp
π )
3
( f expπ )2
)
(3.8)
the leading non-analytic term of HMChPT has been subtracted. The
B∗Bπ coupling gˆ = 0.489(32) has been determined recently [61]
and the variable y is identical to y˜1 introduced in [55]. We use the
convention where the pion decay constant is f expπ = 130.4 MeV.
The extrapolation (3.7) is shown in Fig. 2 (left) for three values
of z in the vicinity of zb = MbL1 we are aiming at. Its result,
B(z) = mB,δ(z,mexpπ ,0), is given in Table 2. As shown in Fig. 2
1 Accounting for an a/mb has little effect. Adding a term Fδ · (a/mb) to Eq. (3.7)
does not change the unnormalized χ2. For instance, the ﬁtting parameter B(z)|z=13
changes to 5227(79) MeV and Eq. (3.10) would read zb = 13.18(27)(13).
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Raw data of mB,δ(z,mπ ,a) in MeV for all ensembles (id), z and HYP actions considered in this work. In the last row we report B(z) ≡msubB,δ (z,mexpπ ,0) for the z that were
used in the quadratic interpolation to ﬁx zb using Eq. (3.9).
id y z = 11 z = 13 z = 15
HYP1 HYP2 HYP1 HYP2 HYP1 HYP2
A4 0.0771(14) 4434(62) 4454(62) 5024(70) 5042(70) 5597(78) 5613(78)
A5 0.0624(13) 4419(62) 4440(62) 5010(70) 5028(70) 5583(78) 5600(78)
B6 0.0484(9) 4398(62) 4420(62) 4988(70) 5008(70) 5562(78) 5579(78)
E5 0.0926(15) 4474(59) 4492(59) 5069(66) 5084(66) 5646(73) 5661(73)
F6 0.0562(9) 4436(59) 4452(58) 5031(66) 5046(66) 5609(73) 5622(73)
F7 0.0449(7) 4431(58) 4444(58) 5026(65) 5037(65) 5603(73) 5613(73)
G8 0.0260(5) 4415(59) 4434(59) 5010(66) 5027(66) 5589(73) 5603(73)
N5 0.0940(24) 4586(57) 4594(57) 5193(64) 5200(63) 5783(71) 5789(70)
N6 0.0662(10) 4563(57) 4568(56) 5169(63) 5174(63) 5759(70) 5763(70)
O7 0.0447(7) 4539(56) 4555(56) 5147(63) 5161(63) 5737(69) 5750(70)
B(z) 4610(57) 5207(63) 5787(69)
Fig. 2. (Left) Chiral and continuum extrapolation of msubB,δ (z, y,a) for the z used in the determination of zb. Open/ﬁlled symbols refer to HYP1/HYP2 data points as do
long/short dashed curves, respectively. (Right) Interpolation to zb by imposing Eq. (3.9).(right) the corresponding dependence of mB on z at the physical
point is nearly linear, indicating that the HQET expansion is precise
for this observable. Nevertheless, we perform a quadratic interpo-
lation of mB(z,m
exp
π ,0) and ﬁx zb by imposing the experimental
value for the B-meson mass,
mB
(
z,mexpπ ,0
)∣∣
z=zb ≡m
exp
B . (3.9)
We take mexpB = 5.2795 GeV [1] and obtain
zb = 13.25(22)(13)z, (3.10)
where the ﬁrst error is statistical and in particular contains the
error from the combined chiral and continuum extrapolation,
whereas the second error is the uncertainty of h(L0) deﬁned in
(A.6). It is due to the non-perturbative quark mass renormalization
in QCD [38]. To give the RGI b-quark mass in physical units we
combine (3.10) and (3.2) to solve the relation zb = L1Mb for Mb.
According to Mb = zb/[L1 fK] · fK we ﬁnally obtain our main result2
Mb = 6.58(17) GeV. (3.11)
Since in the literature it is more common to compare masses in
the MS scheme, we convert our result (3.11) and give its value
mMSb at the scale μ =mMSb as well as at μ = 2 GeV. We use
mMSb
(
mMSb
)= Mb · ρ(Mb/ΛMS), (3.12)
2 We follow the notation of Gasser and Leutwyler [62] for the deﬁnition of the
RGI mass, M = limμ→∞(2b0 g¯2(μ))−d0/(2b0)m(μ), where b0 = (11 − 2Nf/3)(4π)−2
and d0 = 8(4π)−2.with a conversion function ρ(r) that can be evaluated accurately
using the known 4-loop anomalous dimensions of quark masses
and coupling [63,64]. It is described in more detail in Appendix A.
The ratio rb = Mb/ΛMS is computed from our value of zb and
the ALPHA Collaboration results for non-perturbative quark mass
renormalization [65]. We ﬁnd rb = 21.1(13), ρ(rb) = 0.640(6) and
mMSb (2 GeV) = 4.88(15) GeV,
mMSb
(
mMSb
)= 4.21(11) GeV. (3.13)
We emphasize that this is the mass in the theory with two dy-
namical quark-ﬂavours, the b-quark is quenched, a completely well
deﬁned approximation for a heavy quark. In particular also the
function ρ(r) refers to Nf = 2.
To have an idea of the magnitude of O(1/mb) corrections to the
b-quark mass one must repeat the above computation in the static
limit. The reason is that the 1/m contribution ωkinEkin +ωspinEspin
is divergent in the continuum limit; only the combination with
mbare in Eq. (2.10) is ﬁnite. The HQET parameter mstatbare was de-
termined by matching the static theory with QCD as described
in [38]. By repeating the same steps as for the NLO case we ob-
tain
zstatb = 13.24(21)(13)z, Mstatb = 6.57(17) GeV, (3.14)
which after conversion to the MS scheme gives[
mMSb
(
mMSb
)]stat = 4.21(11) GeV. (3.15)
The result of the combined chiral and continuum extrapolation
of mB in the static limit, as well as the quadratic interpolation
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Partial contributions (σi/σ )2 to the accumulated error σ of zb. Only error sources
contributing with a relative squared uncertainty (σi/σ )2 > 0.5% are listed. The en-
semble A3 did not appear in Table 1 since it enters through the scale setting
procedure [54,55] only.
Source i A3 G8 N5 N6 O7 ZA ωHQET
(σi/σ )
2 [%] 1.2 0.9 2.6 5.9 5.6 20.6 61.6
in z to obtain zstatb are very similar to those obtained at next-to-
leading order. The small differences observed between the results
in (3.10)–(3.11) and (3.14) show that for this observable the HQET
expansion is very precise, making us conﬁdent that O(1/m2b) cor-
rections are negligible with present accuracy. Indeed, the smallness
of the 1/mb terms is known with much higher accuracy than (3.10)
suggests, e.g., z(1/m)b ≡ zb − zstatb = −0.008(51).
We conclude this section by analyzing the error budget for zb.
As can be seen in Table 3 approximately 62% of the contribu-
tion to the square of the error comes from the HQET parameters.
Another ∼ 21% comes from the relativistic ZA that affects the com-
putation of zb through the scale setting, while only the residual
∼ 17% comes from the computation of the HQET matrix elements.
In this respect the largest contribution comes from the ensembles
at β = 5.5, that are more affected by long-term autocorrelations
(critical slowing down).
4. Discussion and conclusions
Using non-perturbatively matched and renormalized HQET in
Nf = 2 lattice QCD, we have determined the mass of the b-quark
with essentially controlled systematic errors: in particular, the
renormalization is carried out without recourse to perturbation
theory and the continuum limit is taken. An irreducible systematic
error which remains is a mb/mb ∼ (Λ/mb)3 relative error due to
the truncation of the HQET expansion at order Λ2/mb. However,
with a typical scale of Λ = 500 MeV one obtains a permille-sized
truncation error, which is completely negligible with today’s ac-
curacy. The estimate is supported by the fact that we do not see
any difference between our static result and the one including the
Λ2/mb terms. Furthermore, according to previous experience an
effective scale of around Λ = 500 MeV seems to govern the ex-
pansion [38,59,66].
Our results,
Mb|Nf=2 = 6.58(17) GeV, (4.1)
mMSb (2 GeV)|Nf=2 = 4.88(15) GeV, (4.2)
are in agreement with the Nf = 2 results of [28] who cite a similar
error, but use a completely different approach. We compare to the
quenched approximation and to the PDG values in Table 4. There
is little dependence of mMSb (μ) on the number of ﬂavours for Nf =
0,2,5 and for typical values of μ between mMSb itself and 2 GeV.
In particular at the lower scale of 2 GeV, where the apparent
convergence of perturbation theory is still quite good, a ﬂavour
number dependence of the mass of the b-quark is not detectable
at all. In hindsight, this is rather plausible as we match our ef-
fective theories (albeit with only Nf = 0,2 dynamical ﬂavours) to
the real world data at low energies. Indeed, precisely speaking the
above statements refer to the theories renormalized by ﬁxing the
B-meson mass to its physical value and setting the overall energy
scale through the kaon decay constant [55] or roughly equivalent
the pion decay constant [54].3 In this way the low energy hadron
3 For Nf = 0 we used the scale r0 ≈ 0.5 fm instead of the decay constants, but
in [55] this value of r0 was obtained for the Nf = 2 theory.sector of the theories is matched to experiment, and it is natural
to expect that the quark masses agree at a relatively low scale. On
the other hand we do not want to push the perturbation theory
needed for giving mb in the MS scheme to scales below 2 GeV. We
remark that also the strange quark mass at 2 GeV is known to be
only weakly dependent on Nf [67,68].
In contrast, the RGI mass Mb differs signiﬁcantly between
Nf = 5 and Nf = 2. Given the observed weak ﬂavour number de-
pendence at scales of 2–5 GeV, the differences in Mb can be traced
back to the Nf dependence of both the RG functions and the Λ
parameters. These two effects happen to reinforce each other be-
tween Nf = 5 and Nf = 2 while in the comparison Nf = 2 and
Nf = 0 they partially compensate.
All of this suggests to use the b-quark mass at scales around
μ = 2 GeV when one attempts to make predictions from theories
with a smaller number of ﬂavours for the physical 5-ﬂavour theory.
With a less detailed look, the overall picture of the MS masses
in Table 4 suggests that – at the present level of errors – the
b-quark mass is correctly determined from the different ap-
proaches. Our method is very different from those which enter
the PDG average. It avoids perturbative errors in all stages of the
computation except for the connection of the RGI mass to the run-
ning mass in the MS scheme, where truncation errors seem to be
very small. Due to these properties, it remains of interest to ap-
ply our method with at least three light dynamical quarks and test
the consistency of the table once more. As remarked earlier, the
error budget of our present computation is such that in a future
computation a signiﬁcantly more precise number can be expected.
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Équipement National de Calcul Intensif at CINES in Montpellier un-
der the allocation 2012-056808, by the HLRN in Berlin, and by NIC
at DESY, Zeuthen.
Appendix A. Error propagation and conversion tom(m)
Here we give details on the conversion function ρ(r) that has
been used in (3.12). It connects the RGI quark mass M to the quark
mass m∗ deﬁned by m(m∗) =m∗ and usually denoted by m(m). We
closely follow the standard steps which have been outlined in our
notation in [70]. In a given scheme our conventions for the RG
invariants read
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Masses of the b-quark in GeV in theories with different quark ﬂavour numbers Nf and for different schemes/scales as well as ΛMS and the RGI mass M . The PDG value of
the b-quark mass is dominated by [8,24].
Nf Ref. M mMS(mMS) mMS(4 GeV) mMS(2 GeV) ΛMS [MeV]
0 [36] 6.76(9) 4.35(5) 4.39(6) 4.87(8) 238(19) [69]
2 this work 6.58(17) 4.21(11) 4.25(12) 4.88(15) 310(20) [55]
5 PDG13 [1] 7.50(8) 4.18(3) 4.22(4) 4.91(5) 212(8) [1]Λ
μ
= [b0 g¯2(μ)]− b12b20 e− 12b0 g¯2(μ)
× exp
{
−
g¯(μ)∫
0
dg
[
1
β(g)
+ 1
b0g3
− b1
b20g
]}
≡ ϕg(g¯), (A.1)
M
m(μ)
= [2b0 g¯2(μ)]− d02b0 exp
{
−
g¯(μ)∫
0
dg
[
τ (g)
β(g)
− d0
b0g
]}
≡ ϕm(g¯), (A.2)
with universal coeﬃcients b0 = (11 − 2Nf/3)(4π)−2, b1 = (102 −
38Nf/3)(4π)−4 and d0 = 8(4π)−2, cf. [65]. From their ratio one
obtains a relation
r ≡ M
Λ
= m(μ)
μ
× ϕm(g¯(μ))
ϕg(g¯(μ))
(A.3)
that for ﬁxed m(μ)/μ allows us to parameterize the renormalized
coupling g¯2(μ) through r. Choosing μ = m∗ with g¯(m∗) = g∗ in
Eq. (A.2) then leads to the functional dependence
m∗ = M · ρ(r), with ρ(r) = 1/ϕm(g∗). (A.4)
We evaluate this function at 4-loop order in the MS scheme for
Nf = 2 ﬂavours and obtain to a very good approximation ρ(r) =
0.6400− 0.0043 · (r − 21) close to r = 21.
Let us now turn to the propagation of errors from the non-
perturbative quark mass renormalization and coupling renormal-
ization to m(m). To incorporate correlations among our non-
perturbative data for M and Λ, we write
r = L0M
L0ΛMS
= L1mSF(L0)
2
h(L0)
k(L0)
, L0 = L1/2, (A.5)
where we made use of the deﬁnitions z = L1M = L1h(L0)mSF(L0)
[38] and
h(L0) = M
mSF(L0)
, k(L0) = ΛSFL0 ·
[
ΛMS
ΛSF
]
, (A.6)
with ΛMS/ΛSF = 2.382035(3). The factors h(L0) and k(L0) are de-
termined by the running of the quark mass and the coupling in
the Schrödinger Functional (SF) scheme. They are known non-
perturbatively in terms of the step scaling functions of [65]. For
the error analysis we take the errors in h,k including their corre-
lation into account, remembering that h also contributes through
Mb = h(L0)mSFb (L0). The uncertainty arising from the perturbative
running in the MS scheme is negligible. For example, adding the
recently computed 5-loop term in the mass anomalous dimen-
sion [71] does not change numbers at the one permille level. The
error analysis for mMS(μ) with some ﬁxed μ is carried through
analogously.
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